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Abstract 
Abbott, H.L. and B. Zhou, On a conjecture of Gallai concerning complete subgraphs of 
k-critical graphs, Discrete Mathematics 100 (1992) 223-228. 
A graph G is said to be k-critical if it has chromatic number k but every proper subgraph of G 
has a (k - l)-coloring. T. Gallai asked whether each k-critical graph of order n contains at 
most n complete subgraphs of order k - 1. This is clearly so when k = n, and it is also true 
when k = 3 since the only 3-critical graphs are the cycles of odd length. M. Stiebitz recently 
gave a positive answer to Gallai’s question in the case k = 4. In this paper we give an 
affirmative answer for all k 3 5. 
A graph G is said to be k-critical if it has chromatic number k but every proper 
subgraph of G is (k - 1)-colorable. Gallai raised the following problem: Is it true 
that every k-critical graph of order n contains at most it complete subgraphs of 
order k - l? This is clearly so when k = II and it is also true when k = 3 since the 
only 3-critical graphs are the cycles of odd length. Recently Stiebitz [3] gave a 
positive answer to Gallai’s question in the case k = 4 and Koester [l] obtained the 
following extension of Stiebitz’s result: Every 4-critical planar graph of order 
n 2 6 contains at most n - 1 triangles. This result is best possible in the sense that 
the odd wheel with IZ 3 6 vertices is a 4-critical planar graph with II - 1 triangles. 
The object of this paper is to give an affirmative answer to Gallai’s question for 
all k 2 5. We shall also show that the odd wheel with IZ 3 6 vertices is the only 
4-critical graph of order n with IZ - 1 triangles. 
We shall need some notation. The vertex and edge sets of a graph G are 
denoted respectively by V(G) and E(G). For 1 3 3, C, denotes the cycle of length 
I and for d 3 1, Kd denotes the complete graph of order d. We sometimes refer to 
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& as a complete d-gon or simply as a d-gon. W(I, d) denotes the graph obtained 
from C, and Kd by joining each vertex of C, to each vertex of Kd. We call W(l, d) 
a d-wheel so that a l-wheel is a wheel in the ordinary sense of the term. The 
wheel is called odd (even) if 1 is odd (even). It will be convenient to allow d = 0, 
in which case we interpret W(1, 0) as C,. If v E V(G), G - v is the graph obtained 
from G by deleting TV and all edges incident with it. If ab E E(G), G - a6 is the 
graph obtained from G by deleting ab. 
For an informative and comprehensive survey of the literature on color-critical 
graphs the reader should see the paper of Sachs and Stiebitz [2]. 
Theorem 1. Let k 2 4 and let G be a k-critical graph of order n. Let t denote the 
number of complete (k - 1)-gons contained in G. Then t c n with equality only if 
k=nandG=K,,. 
We shall also prove the following extension of the results of Stiebitz and 
Koester. Note that planarity is not assumed. 
Theorem 2. Let G be a 4-critical graph of order n. Then if G is not an odd wheel it 
contains at most n - 2 triangles. 
The proofs of Theorems 1 and 2 rest on two lemmas. The first of these was 
proved by Stiebitz [3]. 
Lemma 1 (Stiebitz). Let k 2 3. tf G is a k-critical graph containing W(1, k - 3) as 
a subgraph then G = W(1, k - 3) and 1 is odd. 
Lemma 2. Let k 2 3 and let G be a graph with no isolated vertices. Suppose that: 
(i) each edge of G is an edge of some E&--l. Equivalently, G is a union of 
complete (k - l)-gons. 
(ii) G does not contain W(1, k - 3) for any 1 Z= 3. 
(iii) For each edge ab of G, G - ab has a (k - 1)-coloring in which a and b 
have the same color. 
Then : 
(A) There is a vertex v of G such that the number of (k - 1)-gons containing v 
is odd. 
(B) The number t of (k - 1)-gons of G satisfies t < n - 1, where n is the order of 
G. 
Proof of Lemma 2. We use induction on k. For k = 3 condition (ii) means that G 
has no cycles and is therefore a forest. Any vertex v of degree 1 then satisfies 
(A). Also (B) clearly holds. 
Suppose now that k 3 4 and that the lemma holds for k - 1. We first establish 
(A). Let G1, G,, . . . , G, denote the (k - l)-gons of G. Let v be a vertex of G and 
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suppose, without loss of generality, that the (k - 1)-gons containing 21 are 
(5, G,, . . . , G,. Let Gi = Gi - 21 and let G’ = lJ:=i Gj. Denote the order of G’ 
by n’. We check that G’ satisfies conditions (i), (ii) and (iii) for k - 1. It is 
obvious that (i) holds. That (ii) holds follows from the observation that if G’ 
contains W(I, k - 4) then G contains W(I, k - 3). Let ab be an edge of G’. 
G - ab has a (k - 1)-coloring in which a and b are assigned the same color. Since 
va is an edge of G - ab, this color is not assigned to 21. Since u is incident with 
every vertex of G’ - ab, the color assigned to ZI is not assigned to any vertex of 
G’ - ab. We thus have a (k -2)-coloring of G’ - ab in which a and b have the 
same color. Thus (iii) holds for G’. By the induction hypothesis, G’ has a vertex 
u which occurs in an odd number, say s, of the (k - 2)-gons G;, G;, . . . , G; and 
r=%12’- 1. 
We need to distinguish two cases. 
Case 1: t is even. 
The edge uv is contained in s of the (k - 1)-gons Gi, G2, . . . , G,. By (iii), 
G - uv has a (k - 1)-coloring in colors 1,2, . . . , k - 1 in which u and 21 are 
assigned the same color, say 1. Let VI denote the set of vertices colored 1, and for 
x E VI let a(x) denote the number of (k - I)-gons of G containing X. If Gi is one 
of the s (k - l)-gons containing uu then (V(G,) f~ V,( = 2, while if Gi is one of the 
t - s (k - 1)-gons not containing uv then \V(G,) n V,l = 1. It follows that 
c fY(x)=2s+(t-s)=t+s. 
XEV, 
Since t is even and s is odd we must have that (u(x) is odd for some x E V,. Thus 
(A) holds. 
Case 2: t is odd. 
For x E V(G’) let /3(x) d enote the number of (k - 2)-gons among 
G;, G;, . . . , G: containing x. Then 
XE;G,j P(x) = r(k - 2) s (n’ - I)@ - 2). 
It follows that there is a vertex w of G’ such that p(w) s k - 3. By (iii), there is a 
(k - 1)-coloring of G - ZIW in colors 1,2, . . . , k - 1 in which u and w are assigned 
the same color, say 1. For each of the B(w) (k - 1)-gons containing uv there is a 
color that does not occur on any of its vertices. Since /3(w) c k - 3 it follows that 
there is a color, say 2, that occurs on all of these /3(w) (k - 1)-gons. Let V, 
denote the set of vertices of G that are assigned color 2 and for x E V, let Y(X) 
denote the number of (k - l)-gons of G containing X. Then for i = 1, 2, . . . , t, 
jV(G,) n V,l = 1 so that 
xx_ Y(X) = t. 
Since t is odd, y(x) is odd for some x E V,. This establishes (A). 
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It remains to prove (B). The argument involves some linear algebra and is 
motivated by the elegant argument used by Stiebitz in dealing with the case k = 4. 
Let V(G) = {vl, Q, . . . , v,}. For i = 1,2, . . . , t define a vector x, = 
(xii, xi2, . . . , Xin) where 
1 
Xij = 
if uj E V(Gi), 
0 otherwise. 
Let “Nr denote the n-dimensional vector space over 2, and let Y denote the 
subspace of 2tr spanned by X = {x1, x2, . . . , x,}. We show that X is a linearly 
independent set and is thus a basis for 9. Suppose that this is not the case and let 
S be a smallest linearly dependent subset of X. Then for j = 1, 2, . . . , n, 
c xcESXij = 0.Let Gs = U,es Gie Gs is a subgraph of G and satisfies (i), (ii) and 
(iii). It therefore satisfies (A). Thus there is a vertex vj of Gs that occurs in an 
odd number of the Gj. For this j we then have CXIESxjj = 1, a contradiction. Thus 
X is linearly independent and t = dim(Y). Let Y^I denote the orthogonal 
complement of Y in Ur. Then from dim(T) + dim(Fl) = n we get t = n - 
dim(5-l). We show that dim(9-l) 3 1. This will establish (B). We distinguish two 
cases. 
Case 1: k is odd. 
Let y = (1, 1, . . . , 1). Since, for each i, x, has k - 1 of its components equal to 
lwehavethat (y,xi)=OsothatyE5’, andthusdim(3^i)al. 
Case 2: k is even. 
Recall the (k - l)-coloring of the graph G - VW given in Case 2 of the proof of 
(A) and note that the description of the coloring does not involve t. Let V, 
denote, as before, the set of vertices assigned color 2. Define y = (y,, y2, . . . , yn) 
by 
I 
0 ifviEV2, 
Yi = 1 otherwise. 
Since, for i = 1,2, . . , , t, Gi contains exactly one vertex of V, and k - 2 vertices 
not in V, we have that (y, Xi) = 0 and hence y E Y1. Thus dim(9-l) 3 1 holds in 
this case also. This establishes (B). 0 
Proof of Theorem 1. Most of the work has been done in Lemma 2. If k = n then 
G = K,, and t =n. Suppose then that G# K,. If G = W(Z, k-3) then n = 
f+k-3 and the number of (k-l)-gons in G is t=l=n-k+36n-1, since 
k 3 4. If G is not W(1, k - 3) for any 1 2 3 G does contain W(Z, - 3), 
Lemma 1. G1, G,, . . G, be (k - contained in and let 
= lJsl e then (i), (“) and (iii) Lemma 2. therefore satisfies 
Thus t<n 1. q 
Proof of Theorem 2. G is a 4-critical graph of order n and is not an odd wheel. 
Let t denote the number of triangles of G. Let V’ be the set of vertices of G each 
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of which is contained in at least one triangle. We may suppose that V’ is not 
empty since otherwise f = 0 and there is nothing to prove. Let vi E VI’ and let N 
denote the set of neighbors of vr. Let G[N] be the subgraph of G induced by N. 
G[N] contains no cycles, for if C, were a cycle of G[N] then G would contain a 
wheel as a proper subgraph, contrary to Lemma 1. G[N] is therefore a forest. 
Not all of the components of G[N] are isolated vertices since v1 E V’ and is 
therefore in at least one triangle. Thus there is a vertex u2 of G[N] of degree 1. 
Let v3 denote the neighbor of v2 in G[N]. Then 2~~~~21~ is a triangle and it is the 
only triangle containing the edge 2r,v2. Observe that v3 E V’. By the same 
reasoning there are vertices v, and vb such that v3u,vb is a triangle and it is the 
only triangle containing the edge u3u,. 
Let the vertices of G be vl, v2, 
. . . , xin) by 
( 
1 
Xij = 
if vj is a vertex of Ai, 
0 otherwise. 
Stiebitz [3] proved that X = {xl, x2, . . . , xl} is a linearly independent set in the 
vector space ‘W of dimension II over Z2. Let F be the subspace spanned by X and 
9-’ its orthogonal complement in 7F. Then c = n - dim(TJ). We show that 
dim( S’) 2 2. 
There exists a 3-coloring of G - v1v2 in colors red, blue and green so that v1 
and v2 are red and v3 is blue. Let wl = (w,i, w12, . . . , tq,) be defined by 
1 
wij = 
if uj is colored red or green, 
0 if vj is colored blue. 
The triangle V1V2V3 has two red and no green vertices. All other triangles have a 
vertex of each color. It follows that ( wl, Xi) = 0 for i = 1, 2, . . . , t and thus 
wr E 9-l. 
There is also a 3-coloring of G - ~~21, in colors red, blue and green so that v3 
and v, are red and vb is blue. Let w2 = (wzl, w~~, . . . , w2) be defined by 
1 
1 
wzi = 
if vi is colored red or green, 
0 if vj is colored blue. 
Onethenfindsthat (wz,xi)=Ofori=1,2,... , t so that w2 E FL. Since wi3 = 0 
and wzJ = 1, w1 # w2 and thus dim(Y^l) > 2. •i 
There are many examples of 4-critical graphs of order n with 12 - 2 triangles. 
One such class of graphs may be described as follows: Let p and q be even 
positive integers, p 2 4, q 2 4. Let G P,q be the graph whose vertex set is the union 
of disjoint sets {v,, v2, . . . , up} and {u,, u2, . . . , uq} and whose edges are as 
fOlIOWS: (i) ViVi+l, 16 i sp - 1, (ii) UiUj+l, 1 s i G q - 1, (iii) vlui, 1 <i G q, (iv) 
qui, 1 s i up and (v) uPus. It is straightforward to check that GP,4 is 4-critical, 
has n =p + q vertices and t =p + q - 2 = IZ - 2 triangles. Another class of graphs 
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is the following. Let s be a positive integer and let G, be the graph whose vertex 
set is {u,, u2, . . . , ugs, ul, v2, . . . , v~~+~} and whose edges are (i) uiui+i, 1 c i < 
3s - 1, (ii) ViVi+ly 1 s i s 3s, (iii) viz.+, 1 c i < 3s, (iv) u~v~+~, 1 c i < 3s and (v) 
V1%+1. One may readily check that G, is 4-critical, has n = 6s + 1 vertices and 
n - 2 = 6s - 1 triangles. There is a construction, due to Hajos and Dirac (see [2]) 
that may be used to construct other such graphs from these. The construction 
may be described as follows: Let Hi and Hz be graphs. Let a,b, and brci be edges 
of H1 and a&, and b2c2 edges of Hz. Identify a, with a2 and bl with bz, delete 
edges blcl and b2c2 and add the edge c1c2. The resulting graph H is then 
k-critical if HI and H2 are. Suppose now that HI and H2 are 4-critical graphs. Let 
t1 and t, denote the number of triangles of HI and Hz respectively and suppose 
that blcl and b2cz are not contained in any triangle. Then H is 4-critical and the 
number of triangles of H is t = tl + t2. Observe that the edge v,,ug does not occur 
in any triangle of G,,, and 211~3s+1 does not occur in any triangle of G,. Thus if HI 
and H2 are graphs of either type, one may apply the Hajos-Dirac construction so 
as to get a 4-critical graph H whose vertex set has size n = (V(H,)( + jV(H,)( - 2 
and which has II - 2 triangles. Furthermore H has an edge that does not occur in 
any triangle so that it too may be used as a building block. It thus seems that it 
may not be easy to classify the 4-critical graphs with n vertices and n - 2 triangles. 
In conclusion we remark that it would be of interest to know whether the 
following result holds: Is it true that if k 3 5 and G is a k-critical graph of order 
n 3 k + 2 then the number of (k - 1)-gons of G is at most n - k + 3? 
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